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Student’s Self-Discovery of Right Triangle Trigonometry 
THE CHALLENGE OF TRIGONOMETRY  
It’s no secret that right triangle trigonometry is a notoriously difficult subject. Both students and 
teachers struggle through the unit. From personal experience, learning trig was one of the most 
difficult things for me, as well as my classmates. It seemed that everyone held on until the end 
of the unit, and breathed a sigh of relief once it was over. “High school trigonometry” is a phrase 
that many students fear (Vajiac, 2009).  
Although this subject is not a favorite among students or teachers, it is essential to success in 
higher mathematics, as well as other fields. Pre-calculus and Calculus both require trigonometry 
knowledge, and students often have a difficult time recalling these skills. According to 
Mathematics Teaching in the Middle School journal, trig is beneficial to students because it 
employs algebraic skills, including order of operations and working with exponents. 
Trigonometry is also extremely beneficial to students’ thinking processes (Vajiac, 2009). One 
possible cause of the difficulty of learning trigonometry is the way in which it is presented by 
teachers in mathematics classrooms. One study found that 75% of the students they tested had 
low scores in trigonometry due to a lack of understanding of basic concepts and principles 
(Galadima, Yusha’u, 2007). We wanted to study a high school math geometry classroom and 
teach them trig a little differently, and measure the effectiveness of this new method.  
SUPPORT FOR A DIFFERENT METHOD OF TEACHING TRIG 
In order to discuss differences in instruction, a theoretical basis of learning is necessary.  APOS 
Theory of Learning is a framework that was adopted in our study for this purpose. APOS is an 
acronym for Action, Process, Object, and Schema. The theory asserts that when one is 
learning, these are the levels or understanding that one progresses through, starting at the 
 
lowest level of understanding (Action) and leading to the highest level (Schema). Below is a 
table applying the theory to levels of understanding in right triangle trigonometry: 
 A P O S 
Theory Students can 
carry out a 
mathematical 
concept using 
specific external 
cues and 
step-by-step 
instructions 
(Chimhande, 
Naidoo, Stols, 
2017) 
Students 
interiorize the 
actions; they no 
longer require 
explicit listings of 
instructions, but 
can work 
through the 
process 
mentally 
(Dubinsky, 
2001) 
Students 
become aware 
of the process 
as a totality, and 
understand that 
transformations 
can act on the 
totality (Maharaj, 
2010). The 
student 
encapsulates 
the process 
(Cottrill, 
Dubinsky, 
Nichols,Schwing
endorf, Thomas, 
Vidakovic, 1996) 
“A schema is 
a collection of 
actions, 
processes, 
objects and 
other 
schemas, 
together with 
their 
relationships, 
that the 
individual 
understands in 
connection with 
[the topic].” 
(Dubinsky, 
2001) 
In terms of right 
triangle trig and 
how we 
measured it: 
SOH CAH TOA: 
students use the 
acronym to 
solve right 
triangles without 
understanding 
the underlying 
mathematics, 
patterns, or 
functions. 
Students may 
also be asked to 
memorize a list 
of values 
Students set up 
ratios of sides of 
right triangles to 
determine 
angles and 
lengths of other 
sides and using 
information they 
previously 
discovered to 
solve the ratios 
without explicit 
steps 
Students 
understand the 
limits on O/H, 
A/H, and O/A, 
can understand 
patterns in the 
ratios, and 
realize that right 
triangle trig, the 
Pythagorean 
theorem, and 
the interior angle 
sum of a triangle 
are all useful 
tools to find 
missing values 
in a right 
triangle; 
understanding 
the processes 
for different 
reference angles 
is considered a 
The student is 
able to connect 
right triangle 
trigonometry to 
other topics, 
provide a 
thorough 
understanding of 
right triangle trig, 
and create their 
own example of 
a triangle, with 
correct side 
lengths and 
angles  
 
transformation  
 
Generally, the action-oriented strategy of “SOH CAH TOA” is used to teach right triangle trig. 
This acronym does not allow students to estimate values of sine, cosine, and tangent, apply 
concepts elsewhere, or see patterns in the functions of sine, cosine, and tangent. Students may 
also memorize a list of values or certain triangles, then forget them thereafter, and be unable to 
answer conceptual questions related to right triangles (Teehan, 2017). Our new idea, based on 
a measurement approach, provides an opportunity for students to discover the processes 
behind right triangle trigonometry through direct investigation, estimation  and using patterns.  
The national Common Core Standards for Mathematics also support the need for students to 
progress past “Action” understanding in the standard for RTT:  
CCSS.MATH.CONTENT.HSG.SRT.C.8​: ​Use trigonometric ratios and the Pythagorean Theorem 
to solve right triangles in applied problems. 
CCSS.MATH.CONTENT.HSG.SRT.C.6​: ​Understand that by similarity, side ratios in right 
triangles are properties of the angles in the triangle, leading to definitions of trigonometric ratios 
for acute angles. 
(High School) 
The first standard encourages “Object” understanding. Recognizing that trigonometric ratios and 
the Pythagorean theorem can be applied to the same triangle necessitates a higher-level 
understanding, one that surpasses the SOHCAHTOA approach aligned with traditional 
instruction. Students are required to understand this process of solving right triangles as a 
totality, as opposed to understanding isolated bits of information.  
Our approach also seeks to meet the second standard in this study. The purpose of our activity 
was for students to discover that the trigonometric ratios are dependent upon the reference 
 
angle, regardless of triangle size. The traditional method of instruction, SOH CAH TOA, does 
not introduce students to the trigonometric ratios as functions , and does not direct students 
towards the importance of the reference angles. This understanding is essential for students to 
make use of right triangle trig and to advance to the more advanced study of the trigonometric 
functions of real numbers; it is crucial for students to discover this. Relating various properties of 
right triangles is indicative of Object level understanding - a level that all math teachers should 
aspire to engender in their students.  
A NEW WAY TO TEACH TRIG 
We used a measurement-driven, constructivist approach to encourage student exploration and 
discovery of right triangle trigonometry. Constructivist teaching is a paradigm that asserts that 
learning is an active process in which the learner constructs information and connects that 
information to previous knowledge. Constructivism operates under the assumption that students 
are capable of their own learning, if given guidance and meaningful experiences (Schreiber, 
2013). 
To accomplish this, we used four sets of three similar triangles all of different sizes. Three 
triangles (small, medium, large) had a 10° angle, three had an angle of 20°, three had an angle 
of 30°, etc. At the start of the class period, students were simply told, “Find your group.” Initially, 
students were greatly confused, and almost frustrated with the lack of instruction. However, 
upon further exploration, students realized that there were two other students who had “similar” 
 
triangles. (As a note, it is unclear if students were using the mathematical term “similar”, or 
simply noticing that the triangles were analogous to each other in shape.) Students also 
described their group’s triangles as “the same triangle but different sizes” and as having “the 
same angle but different sizes.”  
Students then measured the smallest angle on their triangle, and realized that all of the triangles 
in their “group” had congruent angles. They were told that this small angle was to be their 
reference angle and provided a description of opposite, adjacent, and hypotenuse sides in 
relation to the reference angle. Next, students 
measured the sides of their triangle, and found 
the ratios O/H, A/H, O/A. They quickly realized 
that the measurements of the small, medium, 
and large triangle resulted in ratios that were 
equal, or nearly equal. (This also allowed for a 
nice discussion about measurement error.) 
Students followed the same procedure using the 
large reference angle, and found the same 
result: the ratios were the same regardless of size. Groups were allowed time to look at patterns 
 
in their measurements; many students recognized that as they used the opposite reference 
angle in their triangle, O/H and A/H switched values.  
As a class, we filled out a table with O/H, A/H, and O/A values for each reference angle 10, 20, 
…, 80. Students quickly saw the pattern for each ratio. Because of this, students were easily 
able to spot a value that seemed out of place. When this happened, the group who found the 
ratio for that reference angle checked their work, and often found their mistake and corrected 
their value. In the table, we included a space for a triangle with 45° reference angles. Students 
were able to estimate, with great accuracy, the O/H and A/H values for a 45° angle. For the 45° 
O/A value, some students discussed averaging the values for 40° and 50°. After talking about 
the triangle as a class, students realized that the legs of the triangle would be the same length, 
and then concluded that O/A would always be one for a 45° reference angle. The goal of our 
instruction was to help students reach a higher level of understanding than Action. This 
instruction allows students to discover patterns in the trig functions and estimate the values 
thereof.  
The next day of class, students 
were asked to look at the table 
that they created the day before 
and discuss with their group the 
patterns they noticed, and why 
they think the patterns may be 
happening. Without 
exception, students 
recognized that O/H 
increased as the angle 
 
increased, A/H decreased as the angle increased, and O/A increased more so than the other 
ratios; many also recognized that the O/H and A/H values simply “switched places” or mirrored 
each other with the opposite 
reference angle (10° and 80°, 
20° and 70°, etc.) in the table. 
In this exploration, we asked 
another object-oriented 
question: “How big/small can 
O/H be? Why?” and “How big/small 
can O/A be? Why?” The ability to 
estimate values in the functions, 
such as 45°, is the level of Object 
understanding. Students recognized that the ratios apply directly to triangles they have worked 
 
with, such as realizing that a 45° triangle would have legs of equal length, and thus O/A will 
always be a number divided by itself, and thus always 1, 
Using properties of right triangles that students have learned in the past is evidence of Object 
understanding. The Pythagorean Theorem and the interior angle sum of a triangle were 
commonly used by students to solve the triangles. Students were then asked to “solve” triangles 
with missing angles or side lengths, using the information that they had listed previously in the 
table. Once again, students were initially confused and somewhat frustrated. Many students 
were able to work through this barrier, and realize that the ratios in the table could be applied to 
the triangles that they were given. In doing this, students advanced to a “process” level of 
understanding, as they were not following explicitly written steps, but instead working through 
the problem based solely on their understanding. 
 
 
The last piece of our 
investigation was a blank 
page that said: “This lesson 
was meant to give you an 
introduction to the 
mathematics of right triangle 
trigonometry. Imagine that 
you were asked to explain 
right triangle trigonometry to a friend. Provide your response below. Use words, pictures, 
drawings, and at least one example”. This open-ended question was intended to measure the 
level of “Schema” understanding. While Schema understanding is difficult to measure and 
grows over time, we provided space for students to connect their ideas and demonstrate an 
 
overall understanding of the subject. Students were encouraged to provide as much information 
as they knew, and connect their ideas to previous learning.  
 
 
 
 
 
EVIDENCE OF UNDERSTANDING 
APOS theory of learning describes the various levels at which one can understand a certain 
topic or subject. We found in our study that with this different way of approaching trig, every 
student progressed past Action understanding, and reached at least the Process level. Each 
student was able to solve missing values of a triangle without being given explicit steps, the 
established requirement for Process understanding. Students had an opportunity for 10 total 
Process “points” throughout their work for the two days. 60 out of 62 students scored 4/10 or 
higher. 44 students scored 8/10 or higher. This is a significant demonstration of student learning 
progressing past Action and into Process.  
Most students continued to progress past Process to reach some form of Object understanding. 
(There were 8 total points in the Object rubric: 42 students scored at least ⅛, 19 scored at least 
⅜) Out of the 62 students who turned in their work, 15 were able to recognize that O/H can 
approach 1 but never reach it, 13 realized that O/H can approach 0 but never reach it, and 15 
were able to give valid explanations for their answers. 14 Students recognized that O/A does 
not have a maximum value. 13 students realized that O/A can approach 0 but never reach it, 
and 9 students were able to give valid explanations for their answers.  
Many students (26) recognized that they could use the interior angle sum of triangles to assist 
them in problem-solving with triangles. Some students (10) also recognized that the 
Pythagorean Theorem could be applied in solving the triangles. It is important to note that 
students were not asked or told to use these other bits of information, some simply realized it on 
their own. Another note: students were only counted as using these properties of triangles if 
they explicitly wrote them out in their work. However, it is probable that many students used 
these properties, but used a calculator and did not write out the steps. Thus, it is probable that 
 
more students than what was listed used these properties and had this piece of object level 
understanding.  
A little less than half reached Schema understanding. (13 scored 1, 12 scored 2, so 25 reached 
schema understanding overall) 
CONCLUDING THOUGHTS 
Overall, the new teaching method of right triangle trigonometry was effective in increasing 
student understanding. We didn’t provide students with a list of steps to follow and asked them 
to think more than they were used to, which was frustrating to some. However, this was largely 
beneficial to students. Moving towards a measurement-driven, constructivist approach could 
provide students with a deeper understanding of right triangle trigonometry, when compared to 
traditional methods of instruction.  
There are a few limits to consider with this study. First, this was not a random sample of 
students. We used three high school geometry math classrooms who were all taught by the 
same teacher. She stated that these students had no previous exposure to trig in her 
classroom, and have most likely had little to 
no exposure to trig before our study. 
Second, we were not able to compare our 
students with a control group who received 
the traditional “SOH CAH TOA” method of 
teaching trig. We based our comparisons 
off of APOS theory and the assumption that 
with SOH CAH TOA, students rarely 
progress past Process understanding, as 
 
SOH CAH TOA can be considered a list of instructions given to solve a problem.  
Further questions for investigating might include: What determines if a student reaches Object 
or Schema understanding? Do students retain the information better with this teaching method? 
I believe that with more days of instruction, more students would progress up to or past the level 
of Object understanding. We were in the classroom for two class periods (a total of about three 
hours per class), and students progressed past the average understanding that a typical 
geometry class would have.  
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